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Numerical Local Upscaling For Elastic Rock Mechanical Properties 
 

Mehdi Khajeh, Jeff Boisvert and Rick Chalaturnyk 
 

Upscaling elastic geomechanical properties is important for reducing the computational requirements of 
geomechanical simulation while honoring local heterogeneities in rock properties.  During simulation, elastic 
properties are often considered homogeneous; however, there is increasing interest in understanding the effect of 
heterogeneity on geomechanical simulation. Upscaling allows for the generation of realistically sized numerical 
models that can be simulated in a reasonable timeframe and also account for small scale heterogeneities. A novel 
local numerical upscaling technique is proposed to describe the macroscopic elastic behavior of complex 
heterogeneous media. This technique is compared to conventional analytical techniques and is shown to produce 
superior results when assessing the upscaling error of a synthetic facies model. The geomechanical response, 
(volumetric strain) of the coarse upscaled models is compared to the geomechanical response of the fine scale 
models.  The proposed numerical technique producing results most similar to the fine scale model.    

Introduction 
The main objective of geomechanical simulation is to predict the deformation behavior of geo-materials when 
loads are applied. Rock mechanical properties, both elastic and plastic, are critical input parameters. Mechanical 
Earth Models (MEMs) are comprehensive geological models which include in-situ stress magnitudes/directions and 
also heterogeneous maps of rock mechanical properties. However, layer cake geo-models with constant elastic 
and plastic properties dominate the geomechanical field. Rather, heterogeneous MEM’s are proposed in order to 
account for known rock heterogeneity and better predict the geomechanical response of an area of interest. 

In addition to better predicting geomechanical response, the consideration of geostatistical techniques for 
generating static rock properties allows for the quantification of uncertainty through processing multiple 
realizations. The limiting factor in considering multiple realizations and fine scale heterogeneous property models 
is the CPU requirement of the geomechanical simulator (e.g. FLAC). This is the main motivation for considering 
upscaling. It is desirable to move from a high resolution/fine scale MEM that fully captures known heterogeneities 
to a low resolution/coarse scale model that responds in the same way as the fine scale MEM but can be simulated 
in a reasonable timeframe.  Note that this is analogous to the well-established technique of permeability upscaling 
when considering flow simulation. Complex facies and property distributions (Figure 1a) and anisotropic 
deformation (Figure 1b) have not been considered in previous geomechanical upscaling techniques. A novel 
numerical upscaling technique for geomechanical properties is proposed. The technique is similar to local 
upscaling of permeability, but is applied to elastic properties. The methodology is demonstrated on a synthetic 2D 
example based on sand/shale distributions typical of the McMurray oil sands deposit located in northern Alberta, 
Canada. To assess the accuracy of the proposed methodology, conventional averaging techniques based on power 
law averaging are also considered.  

Upscaling Petrophysical Properties 
Porosity and permeability/transmissibility are the main petrophysical properties which are upscaled when 
considering flow simulation. Mathematically, upscaling of porosity could be written as: 

∅∗ =
1
𝑉𝑏
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  (1) 

Arithmetic, harmonic and geometric averaging (Equations 2, 3 and 4 respectively) can be used in 
permeability upscaling depending on the spatial arrangement of permeability. While harmonic and arithmetic 
averaging of permeability are theoretically appropriate for different flow problems, there is no similar theoretical 
framework for geomechanical simulation.  A naïve upscaling technique for elastic rock properties would be the 
application of a power law average (Equation 5) with a calibrated w. In this work, these averaging techniques 
provide a baseline for the assessment of the proposed technique.  
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where A is the property to be upscaled. 
In addition to power law averaging, renormalization (Kin and Mansfield, 1999), REV-renormalization 

(Norris et al 1991) and full tensor averaging techniques (Kasap and Lake 1990) could be considered. These 
approaches are more sophisticated than power law averaging and have been shown to perform well for some 
classes of flow problems. However, similar techniques are not generally available for geomechanical properties 
and comparison for this work is limited to the aforementioned averaging techniques. 
 
There are four general strategies for upscaling, typically applied to upscaling permeability: 

• Local upscaling  
• Extended local upscaling  
• Local-global (quasi global) upscaling  
• Global upscaling 
Local upscaling (Durlofsky 1991; Pickup et al 1994; and Durlofsky 2005) is the solution of the governing 

physical equations (i.e. fine scale pressure equation for flow) with an assumed boundary condition for the fine grid 
blocks that are contained in a single coarse cell (Figure 2a). The cells surrounding the coarse block of interest are 
ignored. Different boundary conditions are often considered with constant pressure and no flow boundaries 
(Figures 2b and 2c). Effective properties (i.e. permeability) in different directions are obtained. From the 
configurations shown in Figure 2b and 2c, effective properties in the horizontal and vertical directions (i.e. K*

x and 
K*

y) can calculated.  

Upscaling Elastic properties  
In addition to the techniques mentioned for analytically upscaling permeability/transmissibility, several analytical 
techniques have been developed for upscaling and homogenization of elastic media. Mackenzie (1950) used a self-
consistent model to determine the equivalent elastic media (EEM) of a material composed of three phases. Hashin 
(1995), Backus (1962), Hill (1965), Budiansky (1965) and Salamon (1968) developed other analytical formulations 
for equivalent elastic media calculation. Although different assumptions are considered in these approaches, a 
common element is their consideration of a simplified stratified facies configuration which is not appropriate for 
the complex facies configurations typically found in the McMurray formation. 

Numerical techniques for upscaling of elastic properties are not common. Elkateb (2003) proposed a 
mathematical expression for the determination of equivalent elastic moduli for a simplified layer cake model with 
isotropic elastic deformation. However, the deformation behavior of many materials depends upon orientation. 
That is, the stress-strain response of a sample taken from the material in one direction will be different if the 
sample were taken in different directions. In this case, the assumption of isotropic deformation may result in 
significant error. In the proposed upscaling technique, both complex heterogeneous material and anisotropic 
deformation are considered. 

Proposed Methodology for Numerical Upscaling of Elastic Properties 
Conceptually, the numerical upscaling of elastic geomechanical properties is shown in Figure 3.  When considering 
heterogeneous media (Figure 3a) the loading process would result in complex deformation (Figure 3b). After 
upscaling this system to a single block, the goal is to reproduce the average fine scale deformation in the coarse 
scale block (Figure 3c). The coarse upscaled property (yellow color in Figure 3c) is the value that results in the 
average displacement had the fine scale model been deformed. The remainder of this section details each step of 
the upscaling process.  

The general form of Hooke’s Law, comprehensively used in the classical theory of elasticity is: 
𝜎𝑖𝑗 = 𝐴𝑖𝑗𝑚𝑛𝑒𝑚𝑛  (6) 
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where σij is the 2nd order stress tensor, emn is the 2nd order strain tensor and Aijmn is a general form of the 4th 
order elastic tensor. Depending on the material under study, a media could be considered 
homogeneous/heterogeneous and isotropic/anisotropic. In the case of heterogeneous material the characteristic 
tensor is described by Equation 7. Using more convenient notation, Hooke’s Law is given by Equation 8. 
 

𝐴𝑖𝑗𝑚𝑛 = 𝐴𝑖𝑗𝑚𝑛(𝑥, 𝑦, 𝑧)  (7) 
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Micro features commonly arise in natural and synthetic materials in such a way as to produce a stress-
strain response with particular symmetries. The elastic characteristic matrix Aijmn (or in contracted form, Aij) can 
be simplified with reasonable symmetry assumptions. Orientations for which an anisotropic material has the same 
stress-strain response can be determined by coordinate transformation. Transversely isotropic deformation is 
commonly assumed and specifies that a material possess an axis of symmetry of order n when the elastic moduli 
remains unchanged for rotations of 2п/n radians about the axis (Figure 4). The elasticity stiffness matrix, assuming 
transverse isotropy, reduces to Equation 9. 
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Thus, the elasticity matrix for the transversely isotropic case reduces to having only five independent 
stiffnesses. Further simplification of this system is obtained by assuming plane strain. If the dimension of the body 
in one direction, x3, is considerably larger than the dimension of body in other two directions, it can be said that 
displacement in that direction would be zero. In other words: 

U1=u1(x1,x2) 
U2=u1(x1,x2) 
U3=constant 

 (10) 

And as a result it can be assumed that 
e33=e32=ee31=0  (11) 

If the dimension of the body in one direction, x3, is considerably smaller than the dimension of the body 
in the other two directions, σ33= σ 32= σ33= e32=e31= 0 but e33 is not zero. In the proposed methodology, the 
plane strain condition is considered to reduce the dimensionality of the problem. Thus, Hooke’s Law in the case of 
transverse isotropy and plane strain simplifies to: 
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In terms of elastic properties, young modulus (E) and poison’s ratio (ν): 
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where Ei is Young modulus in tension/compression and νij is poison’s ratio characterizing contraction in 
the direction of one axis when tension is applied in a different direction. For example, νyx is the ratio characterizing 
the contraction in x when tension is applied in y. Assuming X-Z is the plane of symmetry: 
 

Ex = Ez 
νxz = νzx 
νxy = νzy 

 (14) 
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By considering: 
Ex = Ez = xm 

Ey= ym 
νxz = νzx = nux 
νxy = νzy = nuy 

 (15) 

where; 
xm: is young modulus in the plane of symmetry 
ym: is young modulus in the plane perpendicular to the plane of symmetry 
nux: Poisson’s ratio for the normal strain in the x-direction (in the plane of isotropy) related to the normal strain in 
the z-direction due to uniaxial stress in the z-direction 
nuy: Poisson’s ratio for the normal strain in the y-direction (in the plane perpendicular to the plane of isotropy) 
related to the normal strain in the x-direction (in the Plane of isotropy) due to uniaxial stress in the x-direction. By 
knowing: 

νxy/Ex = νyx/Ey  (16) 
Equation 13 is simplified to: 
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Five parameters are required to fully characterize the problem under the above assumptions: xm, ym, 
nux, nuy and G’ (Gxy) which is the shear modulus between the plane of isotropy and the perpendicular plane. 
With good approximation, G’ (Gxy) can be determined from Equation 18 (Lekhnittskii 1981).  
 

Gxy =
𝐸𝑥𝐸𝑦

𝐸𝑥�1 + 2𝜈𝑥𝑦� + 𝐸𝑦
  (18) 

 
The upscaling process reduces to determining the value of these five parameters for a coarse cell that 

results in the same average displacement as the fine scale model (Figure 3).  
The general workflow is: 

Step 1: Solve the transversely isotropic Hooke’s law (Equation 17) for the boundary of the target coarse scale cell. 
In this step the elastic tensor, (LHS matrix in Equation 17), is calculated and the non-uniformly deformed body 
(Figure 3b) is obtained. 
Step 2: Average the displacement on the border of the coarse scale body. In this step, the hatched black rectangle 
(Figure 3c) is obtained. 
Step 3: Calculate the characteristic elastic parameters which results in the same stress and strain tensor applied on 
the uniformly deformed body. In this step, Equation 17 is solved again for the uniformly deformed body.  

G’ is determined from Equation 18, thus there are four unknowns determined from the uniform stress 
and strain tensors.  The number of equations obtained in a single loading configuration is less than the number of 
unknowns; therefore, it is not possible to determine all required values by applying one stress configuration. Two 
different initial boundary conditions are considered. Figure 5 shows the initial boundary conditions for the first 
(top) and second (bottom) loading scenarios, where, 
L1 is the initial length of coarse scale cell in the X direction. 
L2 is the initial length of coarse scale cell in the Y direction. 
i is the number of fine scale cells in the X direction of the coarse scale cell. 
j is the number of fine scale cells in the Y direction of the coarse scale cell 

Hooke’s Law (Equations 19 and 20) are considered for the uniformly deformed body as a result of the first 
and second loading scenarios. 
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where, 
<σ1

33> and <σ2
33> is the average σ33 as a result of the first and second loading configuration. 

<e1
11>, <e1

22> and <e2
11>, <e2

22> are the equivalent strain components for the uniformly deformed body for the 
first and second loading scenarios. These can be obtained from: 

〈𝑒11〉 =
(∑ 𝑥𝑑𝑖𝑠𝑝𝑙(𝑖) )/𝑖 + (∑ 𝑥𝑑𝑖𝑠𝑝𝑟)/𝑖(𝑖)

𝐿1
 

 

〈𝑒22〉 =
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𝐿2
 

 (21) 

where, 
(∑ xdispl(i) )/i: Average displacement of the fine scale cells on the left hand boundary of the coarse cell. 
(∑ xdispr(i) )/i: Average displacement of the fine scale cells on the right hand boundary of the coarse cell. 
(∑ ydispt)/j(j) : Average displacement of fine scale cells on the top boundary of the coarse cell. 
(∑ ydispb)/j(j) : Average displacement of fine scale cells on the bottom boundary of the coarse cell. 

From these loading configurations, the following system of equations (Equation 22 for the first loading 
scenario and Equation 23 for the second) are obtained. 
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From these systems of equations, elastic characteristic parameters of the upscaled cell can be calculated. 
This process is repeated for all coarse cells. 

Synthetic Model  
Consider a synthetic reservoir surrounded by side, under and overburden (Figure 6). This geometry is used to test 
the proposed methodology with the goal of predicting the response of the central reservoir. Using sequential 
indicator simulation (SIS) a heterogeneous facies model is generated for the central zone of interest. The side, 
under and overburdens are included to minimize boundary effects and are assumed homogeneous (Table 1). Table 
2 summarizes the number of cells used in each zone for the fine scale model. 

The heterogeneous central zone is modeled with unconditional SIS (Figure 7) using GSLIB (Deutsch and 
Journel 1998). A realistic shale proportion of 20% is assumed. Note that rock properties are assumed homogenous 
within each facies (Table 1). Sequential Gaussian simulation could be used to better characterize the expected 
within facies heterogeneity; however, for the purposes of demonstrating the proposed upscaling methodology, a 
homogenous model within each facies is adequate.   

Error Analysis 
The error resulting from upscaling is assessed by comparing the geomechanical response of the fine scale model 
(Figure 7) to the response of the coarse upscaled models using power law averaging and the proposed numerical 
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upscaling. Volumetric strain is considered as the geomechanical response of interest, but vertical displacement 
profiles, normal strains or shear strain distributions could be considered. The error used is given in Equation 24.  
 

[%]𝑒 =
∑ �1 − 𝑒𝑣𝑟�����

𝑒𝑣𝑟
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where, 
evr���� is the average volumetric strain of the fine scale cells in the rth upscaled block, Equation 25. 
evr   is the volumetric strain in the rth upscaled block. 
nr     is the number of blocks in the upscaled model. 
 

evr����  =
∑ evii

ni
∗ 100  (24) 

where, 
evi  is the volumetric strain in the ith fine scale cell within the upscaled block.  
ni  is the number of fine scale cells in each upscaled block. 

Various upscaling ratios (number of fine scale cells in each upscaled block) are considered to assess the 
upscaling methodology. In total, 15 upscaling ratios are considered; horizontal ratios of 1:1, 5:1, 15:1, 30:1, 60:1, 
100:1 and vertical ratios of 1:1, 4:1 and 8:1. 
 
Results 
One of the main purposes of upscaling is to reduce the geomechanical simulation runtime. Considering fewer cells 
in the model has a significant effect on the CPU time (Figure 8). For this study FLAC (ITASCA®) is used as 
geomechanical simulator.  

In Figures 9 and 10 the results of upscaling of Young Modulus for selected horizontal upscaling ratios and 
just for arithmetic and proposed numerical (xm) upscaling techniques are shown for vertical upscaling ratios of 1:1 
and 1:4 respectively. Similar results are obtained for other ratios. In Figure 11 the results of upscaling of Young 
Moduli in plane of isotropy (xm) and perpendicular to plane of isotropy (ym) for vertical upscaling ratio of 8:1 and 
for selected horizontal upscaling ratios are shown. 

Averaging in the vertical direction has a larger effect on upscaling because of the shorter vertical 
variogram range typical of the McMurray formation. The effect of considering a 30:1 horizontal ratio is minimal as 
shale’s are typically more continuous horizontally, but a 4:1 ratio vertically is significant. The visual difference in 
the upscaled results between averaging and the proposed numerical technique (Figures 9 and 10) appear minimal; 
however, the resulting volumetric strain error is significant.  Using the error definition (Equation 24) the effect of 
different upscaling processes on volumetric strain is clear (Figures 12 and 13). The proposed numerical averaging 
technique is superior for all vertical and horizontal ratios considered. Note that it is possible that considering a 
different power (Equation 5) may result in lower error. Moreover, only a single SIS realization was considered, 
further testing on other configurations and incorporating within facies heterogeneities using SGS is required. 

 
Discussion and Conclusion 
A novel numerical local upscaling technique for elastic properties is proposed. Upscaling error was assessed by 
considering volumetric strain as the geomechanical response and indicated that the proposed numerical technique 
has promise. Further comparisons to existing analytical techniques and application to existing reservoirs is 
required to fully validate the methodology. In addition to volumetric strain, the vertical displacement profile 
should be assessed if the goal is cap-rock integrity analysis for SAGD applications. 

It is important to consider the scale of the coarse blocks. As shown, error increases with increasing 
upscaling ratios. For a given problem, the acceptable error in the response should be quantified by the practitioner 
and an appropriate block size selected. This is standard practice in flow simulation where past experience can be 
relied upon to select an appropriate coarse scale; however, in geomechanical simulation, homogenous property 
models dominate and there is little guidance on upscaled block size selection. 
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The difficulty with considering analytical upscaling methods is determining their range of applicability as 
they are sensitive to parameter calibration. It may be inappropriate to apply analytical techniques to new 
geological situations beyond their intended use. Conversely, the proposed numerical technique is appropriate for 
various domains that can be characterized by transverse isotropy. 
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Tables 
Table 1. Material properties in each section of Figure 7. 

 

 Overburden Side 
Burden 

Under 
burden 

Central 
Section 

Deformation type Isotropic Isotropic Isotropic Transversely 
Isotropic 

Young modulus 
(MPa) 250 480 5000 

Shale : 300 

Sand : 600 

Poison Ratio 0.3 
Shale : 0.3 

Sand : 0.3 
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Table 2. Number of grid cells. 
 

 Overburden Side 
Burden  

Under 
burden 

Central 
Section 

Horizontal  360 30 360 300 

Vertical  10 40 10 40 
 

 
Figures 
 

 
Figure 2. (a) Three different distributions of facies with the same proportion for each facies. (b) Anisotropic deformation. 

 
 

 
Figure 2. Schematic of pure local upscaling. 
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Figure 3. Conceptual framework for numerical upscaling. 

 
Figure 4. Plane of symmetry for transversely isotropic materials. 
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Figure 5. Initial boundary conditions for loading scenarios. 
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Figure 6. Geometry of the area of interest used. 

 

 
Figure 7. SIS facies realization considered with 20% shale. Red (dark) is sand; yellow (light) is shale. Variogram parameters: 

one spherical structure with a vertical range of 4m, horizontal range of 120m and no nugget effect. 

 
Figure 8. CPU time for geomechanical simulation of the model in Figure 7. 

 

 
Figure 9. Young modulus for different horizontal upscaling ratios, vertical upscaling ratio is constant at 1:1. 
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Figure 10. Young modulus for different horizontal upscaling ratios, vertical upscaling ratio is constant at 4:1. 

 

  
Figure 11. Young modulus for different horizontal upscaling ratios, vertical upscaling ratio is constant at 8:1. 
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Figure 12. Average error for various horizontal and vertical upscaling ratios 

 

 
Figure 13. Error surface map for numerical upscaling. 
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